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Abstract 
Bialostocki, A. and P. Dierker, An isoperimetric lemma, Discrete Mathematics 94 (1991) 
221-228. 
A continuous version of the following problem is solved: Let G be a multipartite graph with a 
given partition of its vertex set, A, U A, U - - - U A,,,. Find the maximum possible number of 
edges in G such that G has no connected component with more then t vertices. 
1. Introduction and result 
Let k and n be positive integers. Denote by r(n, k) the minimum integer r such 
that if the edges of the complete graph K, are k-colored, then there is a 
monochromatic connected subgraph with at least II + 1 vertices. It has been 
established in [4] and [6] that if k is one more than the power of a prime then 
lim r(ny k, = k _ 1 
. 
n+=J n 
It is trivial that r(n, 2) = n, The values of r(n, 3) were determined in [5] and [l]; 
the values of r(~, 4) were determined in [2] and [3]; the values of r(n, 5) were 
datermined in 131. For a survey see [3]. In [2] and [3] the upper bound for r(n, k) 
was established by considering the Turan problem for connected graphs in 
bipartite graphs. Motivated by this fact we suggest consideration of the Turan 
problem for connected graphs in multipartite graphs: Let G be a multipartite 
graph with a given partition of its vertex set, Al U A2 U l l l U AN. Find the 
maximum possible number of edges in G such that G has no connected 
component with more than t vertices. 
This problem is equivalent to the following integer optimization problem. 
0012-365X/91/$03.50 @ 1991- Elsevier Science Publishers B.V. Ali rights reserved 
222 A. Bialostocki, P. Dierker 
Problem. Let a,, a2, . . . , aN be positive integers. For i = 1, 2, . . . , N let 
b’,, b;, . . . , bi be a partition of ai into k nonnegative integers. Maximize 
bib’ 1 I 
lsi<j=sN I= 1 
subject to the constraints 
ibf<t forI=l,...,k. 
i=l 
A simple solution to this integer problem is unlikely. However for N = 2 the 
solutions to the problem have been characterized in [3]. In [2] we used a 
continuous version of the problem above for N = 2 to establish an upper bound 
for r(n, k). In the lemma of the next section we extend the continuous version to 
N > 2. The lemma may be useful in the determination of some Turan numbers 
for connected graphs in multipartite graphs. 
The Continuous Version. In order to state and prove the lemma we need the 
following notation. Let X, y E RN where x = (xl, . . . , xN) and y = (yl, . . . , yN), 
then 
V,(x) == 2 xj, 
i=l 
and 
v,(x) = c xixj for N a 2. 
We use the notation x ay if and only if Xi 2 yi for i = 1, 2, . . . , N. Let 
e, = (0, . . . , 0, 1, 0, . . . 0) E RN where the 1 appears in the ith position, 0 = 
(0, 0, . . . ,O)cRN, j=(l, l,... , 1) E RN and P+(X) = (x1, x2, . . . , xk, 0, . . . , 
0) E RN. 





Fk = &,&x1, l l . 9 xk) = C Vt(X’ -Xj-l) 
j=l 
and define j&(a, t) as 
where the supremum is taken over all possible choices of 0 z x0 s x1 s l l l c 
xk+l = a satisfying Vl(Xj - xi_ 1) 6 t for i = 1, 2, . . . , k + 1. Next define M(a, t) as 
Ma, t) = ;U’: Mk(Q, t)* 
3 
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The main purpose of the following is the determination of M(a, t). Let n be the 
positive integer determined by 
and let t91e numbers Qi = Qi(a, t) for i = 0, . . . , N, satisfying 
be defined by 
and 
for i = 2, . . . , N - 1. Moreover, let Li = Li(a, t) for i = 1,2, . . . , IV be the 
following line segments: 
and 
for i = 2,3, . . . , N. 
Now M(a, t) is determined as follows. 
Lemma. (a) If Qi-1 s f <: Qi, then the supremum of F, is attained at 
where Zi = Zi(a, t) is the intersection of Li and the hyperplane V,(X) = nt. 
(b) M,(a, t) = (l/n)V&) + V.(a -Zi)* 
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We start the proof of the lemma with the following claim. 
. Lerx*=(x:,x&. . . , xc) be a point such that 
Osx* <a, V&r*) s nt, and &(a - x*) s t (1) 
and for which 
f(x) = i V,(x) + V2(a -x) 
attains its maximum. 
(0 If n = 1 and V&x*) 3 &(a -x*), then V,(x*) = t. 
(ii) If V,(x*) = nt and Q,-, d t s QI, then x* is on the line segment L1. 
(iii) If V,(x*) = nt and t 3 Q,, then xir = aN. 
proof, (i) Since V,(x*) 2 &(a -x*) we get that VI@*) 3 $V,(a). Assume that 
&(x*) < t. If there is a k such that xz < $ak, then let 
& = min{t - &(x*), ak -$}* 
By the choice of E the point x* + &ek satisfies the constraints given in (1). Direct 
computation yields f (x* + Eek) > f (x*), a contradiction. Hence assume xk* > iak 
for all k, k = 1,2, . . . , IV. If there is an integer m, 1 s m 6 IV, such that xz > $a, 
then let 
E = min{t - VI@*), al - XP} 
where I is chosen such that XI* < al. By the choice of E the point x* + Eel satisfies 
the constraints (1). It follows that f (x* + Eel) > f (x*), a contradiction. Finally, if 
X* = iak for all k, k = 1, 2, . . . , N, let 
E = min{ia,, $a2, $(t - V*(x*))}. 
The point x” + Eel + Ee2 satisfies the constraints (1). Again it follows that 
f (x* + Eel + Ee2) > f (x*), a contradiction. Consequently V,(x*) = t, and the proof 
of (i) is complete. 
(ii) We first show that 
n xi*---- 
n+l 
ai = s 





a& and xk-- 
n-H a, 
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be a maximum and a minimum element of the set 





x2, a, - x2, 
n 1 
c = min 
2(n + 1) (( > l+; x$-a& -(l+i)xl+a,)). 
In view of If&*) = nt, the fact that t 2 Q. implies x% > 0 and the fact that t < Q1 
implies a, - x2 > 0. Finally, it is clear that 
n 1 
2(n + 1) cc ) 
l+; x%-a& -(l+~)x~+a,)tO, 
yielding E > 0. By our choice of E the point x* + &e, - &e& satisfies the 
constraints given in (1). Direct calculation shows that 
f (x* + &em - Ee,,-f&*)=((l+i)x$-ad-(l+i)x;+am-(+)+ 
which by our choice of E is positive. Consequently 




n+l N - 
Then using x; G aN it follows that 
Note that s < 0 implies 
which in view of V&*) = nt implies 
t< & W)J 
a contradiction. Thus 
ass 1 d_aN 
H-1 
and the proof of (ii) is complete. 
(iii) Assume that xk < ON. If 
1 ( ) l+; Xjrsai 
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for all i, i = 1,2, . . . , IV, then using V&r*) = nt, it follows that t < Ql, a 
contradiction. Consequently there is a p such that 
1 ( ) 1 l+- x,*>a,+-aN. n. n 
Define 
E=min aN-xffi, 1 n 1 cc ) 1 2(n + 1) li-; XP*-ap-;a, )I . 
By our choice iif & the point x* i- &eN - &eP satisfies the constraints given in (1). 
Direct calculation shows that 
which by our choice of E is positive. Thus xz = aN completing the proof of (iii) 
and the Claim. Cl 
Proof of Lemma. We proceed with the proof of the lemma by double induction. 
Let n = 1. We prove (a) and (b) for n = 1 and every N, N > 2 by induction on N. 
The case n = 1, N = 2 can be verified easily using the claim. Let a E RN. Assume 
(a) and (b) for all integers less than N. The problem reduces to the determination 
of x* as defined in the claim. By (i) we have V&r*) = t. If Q0 G t < Ql then by (ii) 
we have that x* is on line segment L1. Otherwise t b Q, and by (iii) it follows 
that _+ aN. Let a’ = (al, a2, . . . ,Q,r-&ERN-’ and let t’=t-aN. If Qpst< 
Qi+l for some i, i = 1,2, . . . , N, then, Q;_l G t’ < Qf where Qr = Q,(u’, t’) for 
i=O, 1,. . . , N - 1. Applying the induction hypothesis (a) and (b) follow. Next 
we prove (c). Assume Mk(a, t) > M&z, t) for some k 2 2. Let k be the least 
integer such that Mk(a, t) > Mt(a, t) and assume that &(x1, . . . , x,J attains the 
value Mk(u, t) at &, S2, . . . , &. Furthermore, assume that VI@ - X;._J 2 
F(ij+l -4) for i = 1, 2, . . . , k. If VI(&) < t then let ji = &i+l for i = 
2, 3, . . . , k - 1. It follows that 
&-I&, . . . 3 f&h, - - - 9 h) 
contradicting the minimality of k. Thus VI@,) 3 t. From (i) (with a =&) it 
follows that V&9,) = t. Continuing in this fishion by applying (i) we get 
&(x2) = 2t. However, since k 2 2 and n = 1 we get 2t = &(x2) < V&z) s 2t a 
contradiction. This completes the proof of (c) for n = 1 and every N, N a 2. The 
Lemma is proved for n = 1 and every N, N 3 2. 
Let N = 2. We prove (a) and (b) for N = 2 and every n, n 2 1 by induction on 
n. The case n = 1, N = 2 c\n be verified easily using the claim. Assume (a) and 
(b) for all integers less than n and let 
1 1 
n+l K(a) Q t < ; V&4. 
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Suppose that the supremum of F, is attained for x1, x2, . . . , x,. Then we can 
assume that VI(xi - Xj-1) 3 V’(Xj+, - Xi) for j = 1,2, . . . , tl and by repeated 
applications of (i) (with n = 1 and a =x2, a =x3 -xl, a =x4 -x2, . . .) we get 
that 
VI&) = nt. 
Using the definition of A&(a, t) we have 
&(a, 0 = SUP (i V2(Xj -Xi-l) + V2(a -xn)). 
Xl,...,% j= 1 
Now for a given x,, such that V&J = rat, we take the supremum over all 
Xl, l l l 9 &z-l satisfying the constraints and then taking the supremum over X, 
satisfying V&J = nt, and 0 s x,, G a. By definition of M,_ i(r,, t) we get 
(a, t) = sup (M.&x,, 0 + %(a -x,)). 
&I 
Using the induction hypothesis we get 





n _ 1 V&) + v,(x, - 21) + v,(a -x,) 1 (4) 
where & =&(x~, t) is the intersection of L1 = L,(x,, t), 
n-l 
and V,(x) = (n - 1)t. A calculation yields 
n-l 
&(X,, t) = -y--X”. 
Now substitution for & in (4) yields 
1 
i&(0, t) = sup ; V,(x,) + V2(a - xn) 
[ 1 . XII (5) 
Thus it remains to evaluate expression (5). If Q&t < Q, then apply (ii). 
Otherwise Q 1 s t 6 Q2 and then apply (iii). Parts (a) and (b) follow. As before 
part (c) follows by repeated application of (i). 
In order to complete the proof of the lemma we shall show that the validity of 
(a) and (b) for the pairs (n - 1, N) and (n, N - 1) implies the validity of (a) and 
(b) for the pair (n, N). Let 
1 1 
n+l WO St<; W) 
where a E RN. Suppose that the supremum of F, is attained for ~1, ~2, . . . , G. As 
before we can assume that Vl(Xj -Xj-l)a V&j+, -xi), for j= 1, 2, . . . . n and 
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obtain V&J = nt. As before view of the validity of (a) 2nd (b) for (n - 1, N) we 
have 
Thus it remains to evaluate this last expression. If Q. 4 t < Q I, then apply (ii). 
Otherwise t > Ql. By (iii) we have that the last coordinates of X~ and u are equal. 
Let a’ = (a,, a2, . . . , a,_l) E RN-’ and let t’ = t - aN. If Qi G t < Qj+, for some i, 
then QF-l s t< Qf where Q; = Q&z’, t’) for I = 0, 1, . . . , N - 1. Applying (a) 
and (b) for (n, N - 1) (a) and (b) follow. As before (c) follows by repeated 
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